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Abstract
Considering the low-temperature and high-baryon-number-density region of
the QCD phase diagram, we present a model for the rst-order phase tran-
sition between the quark-gluon plasma and the recently proposed colour su-
perconducting phase. Numerical results for the activation energy and other
physical parameters of the droplets of Cooper pairs, at various temperatures
and densities, are given.
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Our understanding of the QCD matter at low temperatures and high baryon number
densities has developed rapidly over the past few years; for recent reviews, see [1,2]. A likely
scenario is that in this region, quarks form Cooper pairs and new condensates develop. One
of the most interesting questions today concerns the detailed mapping of the QCD phase
diagram, especially in the above region where QCD may exhibit a colour superconducting
phase. In this context, the light quark masses (mu,d,s) are expected to play an important role.
Figure 1 shows two likely scenarios corresponding to ms  mu,d 6= 0 and ms = mu,d ’ 0. The
transition between the quark-gluon plasma (QGP) phase and the colour superconducting
phase is expected to be rst order, in QCD [3].
In this Letter, we study the rst-order phase transition between the QGP phase and the
colour superconducting phase (Fig. 1). Our approach is phenomenological and is similar in
spirit to that adopted by Co^te and Kharchenko [4]. They, however, studied the Bose-Einstein
condensation in a gas of trapped atomic hydrogen at temperatures  50 µK and densities
 1014 cm−3. Temperatures and densities that we shall consider here are, of course, vastly
dierent, and QGP has very little in common with the atomic hydrogen gas. Interestingly,
however, as we shall see, the same physics of activation energy barrier governs the formation
of droplets in both cases.
It is important to get a handle on the cold and dense quark matter because of its possible
relevance to the neutron-star core. Since both numerical (lattice) and direct experimental
studies of this region of the QCD phase diagram are out of reach at the moment, phenomeno-
logical studies such as the present one are appropriate and worthwhile.
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FIG. 1. Schematic phase diagrams of QCD: T is the temperature and µB is the baryon chemical
potential. E is the critical point at which the line of rst-order phase transitions ends. 2SC and
CFL (Colour-Flavour-Locked) are 2-flavour-like and 3-flavour-like colour superconducting phases,
respectively. The dashed line denotes the critical temperature at which quark-quark pairing van-
ishes. The thick arrow indicates the rst-order phase transition considered in this paper. For the
normal nuclear matter at T = 0, µB should be dened as h2k2F /2mN where kF ’ 1.4 fm−1 [5] and
mN is the nucleon mass, which gives µB ’ 40 MeV. (Figure adapted from [3].)
II. MODEL
Consider a gas of weakly interacting quarks, antiquarks and gluons in a volume V .
We take q and q to be the massless current quarks (Fig. 1). We are interested in low
temperatures (T ) and high number densities (n) such that nλ3  1 where λ is the thermal
wave length (see Appendix). We also need the baryon number density nB = (nq − nq¯)/3 to
be large compared to that for the normal nuclear matter, namely 0.17 fm−3.
We treat the interactions to the lowest order in αs, the strong coupling constant (Fig.
2). The baryon number density is given by
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FIG. 2. Feynman diagrams contributing to the equation of state of quark-gluon plasma in order

















where dq = 2 (spin)  3 (colour)  3 (flavour) = 18 is the quark degeneracy factor, k is
the Boltzmann constant and µq is the quark chemical potential [6]. For a given baryon
number density nB and temperature T , the above equation uniquely xes µq. This in turn






























P = E/3V. (3)
Here dg = 2 (spin)  8 (colour) = 16 is the gluon degeneracy factor. It was possible to
obtain the above analytic expressions because we have considered the gas of quarks as well
as antiquarks, rather than a gas of quarks alone [6].
We now consider the rst-order phase transition from QGP to the superconducting phase
as the temperature is lowered (Fig. 1). As a result of the attractive one-gluon-exchange
interaction between quarks in the colour 3¯ channel, in the presence of a Fermi surface, quarks
will tend to pair o as bosons. These are the Cooper pairs which for simplicity we assume to
be massless. We will presently explore the energetics for the formation of a droplet of these
Cooper pairs, by calculating the energy barrier between the two phases. Density fluctuations
in the metastable gas may provide the conditions for the nucleation and the growth of the
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droplet. The high-temperature phase (QGP) is present around the droplet and the low-
temperature phase (CFL) is inside the droplet. If a spherical droplet with radius Rd and
volume Vd is formed with ~N Cooper pairs in the ground state with entropy zero, the quantal
energy Ed and pressure Pd are given by
Ed = ~Nchpi/Rd, (4)
Pd = −(∂Ed/∂Vd)N˜ = ~Nch/4R4d, (5)
where we have ignored the interactions among the Cooper pairs. It is clear that small droplets
will have large quantal energy and will tend to dissolve back into the QGP gas. Physical
parameters of the droplet can be determined by using the condition of local equilibrium
between the droplet and the surrounding gas which is the QGP phase. In particular, the
radius Rd of the droplet can be determined by equating the two pressures P and Pd. We
solve the equation P = Pd numerically.
Nonrelativistic Case:
So far we considered the droplet formation in a relativistic gas of massless particles. In
order to demonstrate the robustness of our numerical results, we now consider the other
limiting case of a gas consisting of nonrelativistic quarks with mass mq = 300 MeV which
is the constituent quark mass. Consider a low-temperature ideal Fermi gas consisting of Nq
quarks in a volume V . In contrast to the relativistic case, no interactions are considered
here for the sake of simplicity. For a given baryon number density nB, we have Nq = 3NB =




























































Here M ’ 2mq is the mass of the Cooper pair.
Activation Energy:
The activation energy (A) is dened as the dierence between the Helmholtz free energies
(F ) in the nal and initial states. In the initial state, we have a gas which contains Nq quarks.
Suppose, in the nal state, we have a droplet with ~N( Nq) Cooper pairs of quarks in it.
The surrounding gas is left with Nq − 2 ~N quarks. So the activation energy is
A = Fd( ~N) + Fgas(Nq − 2 ~N)− Fgas(Nq) ’ Fd( ~N)− 2 ~Nµq. (12)
Due to the small size of the droplet, even the lowest excited state has energy which is very
large compared to the temperature. Therefore all Cooper pairs (bosons) are in the ground
state and the entropy of the droplet can be taken to be zero. This allows us to replace the
droplet free energy Fd in (12) by the energy Ed. Now Ed depends on Rd which is determined
by solving the equation P = Pd. It is clear from the expression for Pd that Rd / ~N1/4( ~N1/5)
and hence Ed / ~N3/4( ~N3/5) in the relativistic (nonrelativistic) case. Consequently, A in (12),
when plotted as a function of ~N , initially increases from zero, exhibits a maximum, becomes
negative for a suciently large value of ~N and then continues to decrease monotonically.
Thus although it costs energy Ed to create a droplet, in that process the energy of the
surrounding gas decreases by an amount 2 ~Nµq. This gives rise to the activation energy
barrier.
III. RESULTS AND DISCUSSION
The precise boundaries of the various phases in Fig. 1 are not known. Since the baryon
number density (nB) of the normal nuclear matter is  0.17 fm−3, we have performed
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numerical calculations for nB = 0.5, 1, 1.5 and 2 fm
−3 and temperature T = 0, 20 and
40 MeV. The resulting quark chemical potential µq varies over  320 − 560 MeV and the
baryon chemical potential1 µB  3µq varies over  960 − 1680 MeV. This fully covers
the densities likely to be seen in the neutron-star cores. Three cases were considered: (a)
relativistic, noninteracting gas of quarks and antiquarks, (b) relativistic, weakly interacting
gas of quarks, antiquarks and gluons, (c) nonrelativistic, noninteracting gas of quarks. For
case (a), the terms containing dg as well as those containing αs, in (2), were dropped. For
case (b), αs was taken to be 0.2. Results for the activation energy (A) are presented in Figs.
3-5, respectively. It is reassuring to note that these are very similar for the three cases, and
not sensitive to the details of the model. The shape of the curves indicates the propensity
of the system for droplet formation. The droplets readily grow by acquiring more Cooper
pairs because that tends to reduce the activation energy. This in turn easily brings about
the transition from QGP to the colour superconducting phase (see the thick arrow in Fig.
1).
Comparison of Figs. 3 and 4 shows that the inclusion of gluons and introduction of
interactions among the particles do not change the results signicantly. Inclusion of gluons
in the qq gas hardly makes any dierence because at low T and high nB, the µq terms in
the pressure dominate; see Eq. (2)-(3).
Now we discuss other physical parameters of the droplet corresponding to the position of
the peak of the activation energy. As stated earlier, the radius of the droplet was determined
by solving the equation P = Pd numerically. Rd takes a value between 0.5 and 0.9 fm
depending on the input nB and T ; it decreases as nB and/or T increase. (This is easy
to verify using equations in Sec. II.) In comparison, the thermal wave length (λ) of the
bosons in the droplet is about an order of magnitude larger. The number density of the
coherent phase inside the droplet (nd) is nearly the same as the baryon number density




















FIG. 3. Activation energy A (MeV) vs number of Cooper pairs in the droplet ~N , for a relativis-
tic, noninteracting quark-antiquark plasma. The four sections are labelled by the baryon number
density nB (fm−3) of the gas surrounding the droplet. Lines are drawn to guide the eye. In each








































FIG. 5. The nonrelativistic case. Notation as in Fig. 3.
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of the surrounding gas, in the relativistic case. In the nonrelativistic case nd is somewhat
smaller than nB. In all cases the dimensionless parameter ndλ
3 is very large compared to
unity. Because of the small value of Rd, the energy of even the lowest excited state inside
the droplet turns out to be several hundreds of MeV which is very large compared to the
temperature, eectively forcing all bosons to occupy the ground state.
It is interesting to compare the activation energy results for the QCD phase transition,
obtained here with those for the Bose-Einstein condensation in a gas of trapped atomic
hydrogen, presented in [4]. In [4] two gas densities were considered: 1014 cm−3 and 7 1013
cm−3 both at the same temperature 50 µK. We have repeated their calculations for T =
45− 55 µK. Consider the ratio A0/kT at the peak position and the corresponding number
~N0 of particles in the droplet. In [4] these two quantities are highly sensitive to the changes
in the gas density and temperature.2 For instance, for the above tiny change in the gas
density, the ratio A0/kT changes from 4.8 to 104.1, and ~N0 changes from 18 to 3862. Similar
sensitivity was seen when T was changed by a few µK. In contrast, the results in Figs. 3-5
are quite stable with respect to changes in nB and T .
In conclusion, we have presented a model of rst-order phase transition from QGP to
a colour-superconducting state. It provides numerical support to the prevalent ideas of
phase structure of QCD in the low-temperature, high-baryon-number-density regime. In-
terestingly, the results are not sensitive to whether the quarks are considered relativistic or
nonrelativistic. A more thorough study including (a) eect of interaction between bosons
inside the droplet, and (b) density fluctuations in the droplet phase, is left for the future.
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tiated. We thank Mustansir Barma for his comments on the manuscript. This research was
2There is a misprint in [4]: in Fig. 1, the y-axis label should read A(10−10) a.u. For the inset, it
is A(10−8) a.u.
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Appendix
If f(p) is the distribution function of a gas in equilibrium, the number density n is given
by n =
∫










where β = 1/kT and µ is the chemical potential. Hence
n = exp(βµ)(2pih2/mkT )−3/2  exp(βµ)λ−3,
where λ is the thermal wave length.
For an extreme relativistic gas of massless classical particles,
f = exp [−β(pc− µ)] /(2pih)3,
and hence
n = exp(βµ)(chpi2/3/kT )−3.
We dene the thermal wave length in this case as λ = chpi2/3/kT, so that the fugacity
exp(βµ) once again equals nλ3.
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